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We consider spherically symmetric inhomogeneous pressure Stephani universes, the center of
symmetrybeing our location. The main feature of these models is that comoving observers do
not follow geodesics. In particular, comoving perfect fluids have necessarily a radially dependent
pressure. We consider a subclass of these models characterized by some inhomogeneity parameter β.
We show that also the velocity of sound, like the (effective) equation of state parameter, of comoving
perfect fluids acquire away from the origin a time and radial dependent change proportional to β.
In order to produce a realistic universe accelerating at late times without dark energy component
one must take β < 0. The redshift gets a modified dependence on the scale factor a(t) with
a relative modification of −9% peaking at z ∼ 4 and vanishing at the big-bang and today on
our past lightcone. The equation of state parameter and the speed of sound of dustlike matter
(corresponding to a vanishing pressure at the center of symmetry r = 0) behave in a similar way
and away from the center of symmetry they become negative – a property usually encountered for
the dark energy component only. In order to mimic the observed late-time accelerated expansion,
the matter component must significantly depart from standard dust, presumably ruling this subclass
of Stephani models out as a realistic cosmology. The only way to accept these models is to keep
all standard matter components of the universe including dark energy and take an inhomogeneity
parameter β small enough.
PACS numbers: 98.80.-k; 98.80.Es; 98.80.Jk; 04.20.Jb
I. INTRODUCTION
One of the ways to solve the dark energy problem
[1] is to consider non-uniform models of the Universe
which could explain the acceleration only due to inho-
mogeneity [2, 3]. There is a suggestion that we live in
a spherically symmetric void of density described by the
Lemaˆıtre-Tolman-Bondi (LTB) concentric dust spheres
model [4]. The simplest inhomogeneous cosmological
models are spherically symmetric of which category LTB
models are complementary to Stephani models [5–7]. The
former have inhomogeneous density ̺(t, r) (variable den-
sity dust shells) while the latter have inhomogeneous
pressure p(t, r) (variable pressure shells).
In view of large expansion of investigations related to
LTB models as nearly the only example of an inhomoge-
neous cosmology, we think that it is useful to fully con-
sider a theoretical basis and observational validity of the
complementary Stephani universes. The number of pa-
pers about these models is tight in comparison to LTB
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models. In this paper we would like to fill in this gap
slightly. One of the benefits of Stephani cosmology is
that it possesses a totally spacetime inhomogeneous gen-
eralization [5, 6] which is not the case for LTB models
and for example for Barnes models [8] which belong to
the same class of shear-free, irrotational, expanding (or
collapsing) perfect fluid models as Stephani models (the
so-called Stephani-Barnes family). This property is of
course a good step towards developing more models of
such a type - i.e. the universes which describe real inho-
mogeneity of space (for a review see e.g. Ref. [9, 10]) -
not only those, which possess rather unrealistic center of
the Universe - something which is against the Copernican
principle. This challenge requires the proper comparison
of very general inhomogeneous models with data which
was first ever done for Stephani models in Ref. [11] and
for LTB models in Ref. [12].
In general, there is a lot of inhomogeneous models
which are exact solutions of the Einstein field equations
and not just the perturbations of the isotropic and homo-
geneous Friedmann cosmology. Curiously, observations
are practically made from just one point in the Universe
(apart from the redshift drift [13, 14]) and extend only
onto the unique past light cone of the observer placed on
the Earth. Even the cosmic microwave background radi-
ation is observed from one point so that its observations
prove isotropy of the Universe, but not necessarily its ho-
2mogeneity [15]. As suggested in Ref.[16] one should start
with model-independent observations of the past light
cone and then make conclusions related to geometry of
the Universe, though it is difficult to really differentiate
between an inhomogeneous model of the Universe with
the same number of parameters as a homogeneous dark
energy model when both fit observations.
In Ref.[17] it has been shown that pressure inhomo-
geneity can mimic dark energy in the sense that they pro-
duce the same redshift-magnitude relation. The assump-
tion was that inhomogeneity has dominated the universe
quite recently, so it influenced only slightly the Doppler
peaks and did not influence big-bang nucleosynthesis at
all. This assumption was in agreement with the “defini-
tion 1” of the last scattering surface in Ref.[18] according
to which the homogeneous and isotropic radiation field
on this surface was assumed (in our prospective notation
this will be equivalent to the statement that the function
V (t, r) → 1 at t → 0). Such a property is due to con-
formal flatness which does not lead to any affect on pho-
ton paths which was also discussed recently in Ref.[19].
In the context of inhomogeneous pressure, some general-
ized Ehlers-Geren-Sachs (EGS) theorems were discussed
in Ref.[20] which said that an exactly isotropic radiation
field for every fundamental observer was possible despite
there was an acceleration of the observers – only when it
vanished, the models became Friedmann. In other words,
and according to this generalized theorem, high degree
of isotropy of the universe (isotropic radiation field) plus
Copernican principle did not force it to be homogeneous.
In fact, in Ref.[18] a different set of Stephani models
has been studied and discussed in the context of cosmic
microwave background data. This set was actually de-
fined by Da¸browski in Ref.[6] by the formulas (43) and
(44) (the scale factor and the curvature function) as well
as by the formulas (57a) and (57b) (the mass density
and the pressure). A subclass of these models was then
dubbed Models I in Ref.[7] and because of the choice of
the quantity ∆ = 0 they offered less freedom in the choice
of parameters. A common feature of these two types of
models (both with ∆ = 0 and ∆ 6= 0) was that they had a
fixed cosmic-string-like equation of state p = −(1/3)̺ at
the center of symmetry. In fact, the Ref.[17] used a ver-
sion of Models II of Ref. [7] – the one which allowed the
barotropic equation of state at the center of symmetry
(Stephani models in general do not have this property)
and which are more restrictive. Quite a large generality
of the models I (with ∆ 6= 0) studied in Ref.[18] eased the
claim that they can fit the data despite they were signif-
icantly inhomogeneous. In Ref.[21] which we will further
call Paper 1, the effect of redshift drift for the Stephani
models II has been studied. The similarities and differ-
ences between standard ΛCDM, LTB and Stephani mod-
els which can be tested by the future astronomical data
were clearly presented. In Ref.[22] Models I with ∆ = 0
as well as Models II with barotropic equation of state
at the center of symmetry were tested by Union2 super-
novae data for an off-center (i.e. non-centrally placed)
observer and the maximum location of the center with
respect to the observer was evaluated in each model.
In this paper, and especially in its observational part
where we use the data, we restrict ourselves to the cen-
trally placed observers and discuss Models II with a
barotropic equation of state at the center of symmetry
only. In Sec.II we present the properties of inhomoge-
neous pressure Stephani models. In Sec.III we present
in details the particular model we will study, emphasiz-
ing analogies and important differences with standard
cosmological models. In Sec.IV we derive expressions for
standard quantities used in order to constrain our model.
Sec.IVA is devoted to the comparison of our particular
Stephani universe with observational data. Finally in
Sec.V we summarize our results and give our conclusion.
II. INHOMOGENEOUS PRESSURE
COSMOLOGY
In Paper 1 [21] we presented the basic properties of
the inhomogeneous pressure Stephani universes and here
we give only their most important characteristics. Math-
ematically, they are the only spherically symmetric so-
lutions of Einstein equations for a perfect-fluid energy-
momentum tensor T ab = (̺c2 + p)uaub + pgab (̺ is the
mass density, p is the pressure, gab is the metric ten-
sor, ua is the 4-velocity vector, c is the velocity of light)
which are conformally flat and can be embedded in a five-
dimensional flat pseudoeuclidean space [5, 6]. A general
model has no spacetime symmetries at all, but in this
paper we consider only spherically symmetric Stephani
models of which metric reads as
ds2 = −
a2
a˙2
[(
V
a
)
(
V
a
)
]2
c2dt2 +
a2
V 2
(
dr2 + r2dΩ2
)
, (II.1)
where
V (t, r) = 1 +
1
4
k(t)r2 , (II.2)
and (. . .) ≡ ∂/∂t. Here a(t) is a generalized scale
factor, r is the radial coordinate, dΩ is the metric on
the sphere, and k(t) is a time-dependent curvature index
which allows the Universe to “open up” to become neg-
atively curved or to “close down” to become positively
curved.
The mass density and the pressure for a comoving per-
fect fluid are given by
̺(t) =
3
8πG
[
a˙2(t)
a2(t)
+
k(t)c2
a2(t)
]
, (II.3)
p(t, r) =

−1 + 1
3
˙̺(t)
̺(t)
[
V (t,r)
a(t)
]
[
V (t,r)
a(t)
]


 ̺(t)c2
≡ we(t, r)̺(t)c
2,
(II.4)
3where G is the gravitational constant, and we(t, r) is an
effective spatially dependent barotropic index. Of course,
one can have more than one (comoving) perfect fluid as
it is the case in a realistic cosmology. We will address
in great details in Section III a particular class of these
models and show the analogy and fundamental differ-
ences with standard Friedmann universes. In fact, the
Stephani models admit standard big-bang singularities
(a → 0, ̺ → ∞, p → ∞), and finite density (FD) sin-
gularities of pressure [6, 23] which resemble sudden fu-
ture singularities (SFS) [24, 25] of Friedmann cosmology.
In LTB models there exist “shell-crossing” singularities
[26], which are of a weak type in the sense of Tipler and
Kro´lak [27] and are similar to Friedmannian generalized
sudden future singularities (GSFS) [28] which do not lead
to geodesic incompleteness [29, 30].
For further discussion it is useful to mention that the
components of the 4-velocity and the 4-acceleration vec-
tors are [7]
ut = −
c
V
, u˙r = −c
V,r
V
, (II.5)
and the acceleration scalar reads as
u˙ ≡ (u˙au˙
a)
1
2 =
V,r
a
. (II.6)
Tangent to a null geodesic vector components are [7]
kt =
V 2
a
, kr = ±
V 2
a2
√
1 −
h2
r2
, kθ = 0 , kφ = h
V 2
a2r2
,
(II.7)
(h = const.) – the plus sign applies to a ray moving
away from the center of symmetry, the minus sign applies
to a ray moving towards the center. The constant h
and the angle φ between the direction of observation and
the direction defined by the observer and the center of
symmetry are related by
cosφ = ±
√
1 −
h2
r2
. (II.8)
The angle φ should be taken into account when one con-
siders off-center observers [7, 22].
In Ref.[6] two classes exact spherically symmetric
Stephani models were found:
• Models I which fulfill the condition (V/a) = 0
• Models II which fulfill the condition (k/a) = 0.
A subclass of Models I [6] which is not the one used in
Ref. [18] as well as in Refs.[7, 11]) is given by:
a(t) =
1
γt+ δ
, k(t) =
αt+ σ
γt+ δ
, (II.9)
with the units of the constants given by: [α] = Mpc s−1,
[σ] = Mpc, [γ] = Mpc−1 s−1, and [δ] = Mpc−1. The
metric (II.1) takes the form
ds2 =
a2
V 2
[
−
(a
a˙
)2 (
γ +
α
4
r2
)2
c2dt2 + dr2 + r2dΩ2
]
.
(II.10)
Using (II.3) and (II.4) one has for this model
̺(t) =
3
8πG
[
γ2
(γt+ δ)2
+ c2(αt+ σ)(γt+ δ)
]
,(II.11)
p(t, r) =
3c2
8πG
{
̺(t) +
1
3
(γt+ δ) + 14 (αt+ σ)r
2
γ + α4 r
2
×
[
−
2γ3
(γt+ δ)3
+ c2α(γt+ δ) + c2γ(αt+ σ)
]}
.
The simplest subcase of (II.9) is when σ = δ = 0, since
we obtain a Friedmann universe with
a(t) =
1
γ
t−1 , k(t) =
α
γ
= const. = αa(t)t ,
(II.12)
and this is a phantom-dominated model with w = −5/3
[31] (which has an interesting null geodesic completness
features [32]). In the limit t → 0 one has a big-rip sin-
gularity with a → ∞, ̺ → ∞, and p → ∞, while in the
limit t→∞ one has a→ 0, ̺→∞, and p→∞ (though
it also depends on the radial coordinate r). If σ 6= 0
and δ 6= 0, then we have the limits: a) t → 0, a → 1/δ,
k → σ/δ, ̺→ const., and
p→
3c2
8πG
{
γ2
δ2
+ c2σδ (II.13)
+
1
3
[
−
2γ3
δ3
+ c2(αδ + γσ)
]
δ + σ4 r
2
γ + α4 r
2
}
;
b) t → ∞, a → 0, k → α/γ, ̺ → ∞, p → ∞ and the
singularities of pressure appear for | r |= 2
√
γ/α. The
expansion of the curvature function k(t) for small t→ 0
gives
k(t) ≈
σ
δ
−
(α
δ
+
σγ
δ2
)
t+O(t2) . (II.14)
On the other hand, for large t≫ δ/γ one has the expan-
sion
k(t) ≈
α
γ
+
(
σ
γ
−
α
γ
)
1
t
+O(1/t2) . (II.15)
III. MODELS II
We will consider in detail a subclass of Models II and
constrain its parameters with observations. For these
models, the factor in front of dt2 in the metric (II.1)
reduces to −1/V 2, hence the line element reads [6, 7]
ds2 = −
1
V 2
dt2 +
a2
V 2
(
dr2 + r2dΩ2
)
(III.16)
We see that this model is conformally related to a flat
FLRW model. A subclass of model II with
k(t) = βa(t) (III.17)
4(β = constant with units [β] = Mpc−1) was found in Ref.
[33]. We will consider models (III.17) here in more details
and constrain them with observations.
Let us recast first the basic equations (II.3)-(II.4) in a
more familiar form putting here and below c = 1
H2(t) =
8πG
3
̺(t)−
k(t)
a2(t)
=
8πG
3
̺(t)−
β
a(t)
(III.18)
˙̺(t) V (t, r) = −3H(t) [̺(t) + p(t, r)] . (III.19)
These two equations define completely the background
evolution of this cosmological universe. Of course, we
can put an arbitrary number of comoving perfect fluids,
each of them satisfying separately equation (III.19).
In (III.18) and (III.19), we have used (III.17) and we
have adopted the standard notation H ≡ a˙/a.
It is clear from (II.3) or (III.18) that ̺ depends only
on time and has no spatial dependence. On the other
hand, it is seen that the appearance of V (r, t) modifies
the standard energy conservation equation. This forces
the pressure p to depend on the coordinate r. We will
return to this crucial point below.
Another important point is that it is enough to find the
time evolution of ̺ at the center of symmetry r = 0 where
V (r = 0, t) = 1 as this evolution does not depend on r.
When V = 1 everywhere, our model reduces to the usual
FLRW model. However, for our model (III.17) this is not
the case, but we have V (r = 0, t) = 1. In particular, this
implies that the evolution of ̺(t) can be derived in r = 0
from (III.19) using the standard conservation equation.
Similarly as Ref.[33] let us assume that at the center
of symmetry the standard barotropic equation of state
(EoS) p(t) = w̺(t) holds with a time independent w =
const. This assumption gives
8πG
3
̺ =
A2
a3(1+w)
(III.20)
where
A2 =
8πG
3
̺0 a
3(1+w)
0 , (III.21)
so that (III.18) becomes
H2 =
A2
a3(1+w)
−
β
a
(III.22)
=
8πG
3
[
̺0
(a0
a
)3(1+w)
+ ̺β,0
a0
a
]
. (III.23)
Here we consider a model with only one comoving perfect
fluid at low redshift. We can have more of them even at
low redshift as they are certainly needed at higher red-
shift in a realistic universe. In equations (III.23) one
has in mind that the comoving perfect fluid should cor-
respond in good approximation to dust-like matter in
conventional FLRW universes.
We adopt here the conventional notation for quantities
defined today. Actually, this universe reduces completely
to the standard FLRW universe at the center of spherical
symmetry r = 0 if we identify the last term of (III.18)
or (III.22) for a comoving perfect fluid with wβ = −2/3
(analogous to domain walls [34]) and a trivial redefinition
of its energy density ̺β
8πG
3
̺β = −
β
a
. (III.24)
In particular, we have
β = −
8πG
3
̺β,0 a0 . (III.25)
The acceleration of the (generalized) scale factor a(t) sat-
isfies the equation
a¨
a
= −
4πG
3
[(1 + 3w)̺− ̺β] (III.26)
= −
4πG
3
(1 + 3w)̺−
β
2a
, (III.27)
which is trivially generalized when more comoving per-
fect fluids (e.g. radiation) are taken into account. It is
obvious that β must be negative if we want (III.24) to
make sense. Of course one can also consider universes
with positive values of β. But in that case, this model
cannot serve as an alternative to conventional dark en-
ergy models though such models were studied [35]. Note
that in this analogy, in sharp contrast to genuine comov-
ing perfect fluids, the equation of state parameter wβ is
the same everywhere i.e. for all r. We stress further
that the expression for the redshift z as a function of the
generalized scale factor a(t) differs from the conventional
one as we will see in Section IV. Hence the constraints on
equations of state coming from luminosity-distance dL(z)
get more complicated than in standard universes as we
will also see explicitly in the next Section.
However, for genuine perfect fluids, the effective equa-
tion of state parameter we(r, t) defined everywhere reads
we(r, t) =
[
w +
β
4
(1 + w)a(t)r2
]
(III.28)
with
p(r, t) = we(r, t) ̺(t) . (III.29)
Hence we(r, t) is both time and space-dependent and we
have in particular we(r = 0) = w.
Actually, the radial dependence of we(r, t) is due to
the radial dependence of the fluids pressure, while at the
same time the fluids energy density is homogeneous with
no spatial dependence at all. The physical reason behind
this dependence is the following: a comoving observer
does not follow a geodesic. In fact, a geodesic observer
will have a four-velocity with a non vanishing radial com-
ponent, it will move in the radial direction in addition to
its movement due to the expansion. In other words, for
an observer to be comoving, one needs some extra radial
force acting on him. Analogously, for a perfect fluid to
5be comoving one requires some extra radial force which
is provided here by the pressure gradient due to the ra-
dial dependence of the fluids pressure. Of course, this
has implications which we will address below.
However, let us first return to the equation of state
defined at r = 0. There is no reason why the equation
of state parameter w should be constant so that we will
relax this assumption and allow for an arbitrarily time
evolving equation of state parameter w(t) or w(a). Of
course we still have in full generality
w(a) = we(r = 0, a) . (III.30)
Due to the fact that the time evolution of ̺(t) can be
found at r = 0, the standard result holds
̺(a) = ̺0 exp
[
−3
∫ a
a0
da′
1 + w(a′)
a′
]
≡ ̺0 f(a) .
(III.31)
We have in particular f(a0) = 1. Similarly to the Fried-
mann models, one can define the critical density as ̺cr =
(3H2)/(8πG) and the density parameter Ω = ̺/̺cr. We
then have from (III.18)
̺
̺cr
−
β
aH2
≡ Ω + Ωβ = 1 , (III.32)
which is valid at all times, and in particular today (at
t = t0), Ω0 + Ωβ,0 = 1, with (putting here explicitly
speed of light c)
Ωβ ≡ −
β c2
a H2
, (III.33)
β = a0H
2
0 c
−2 (Ω0 − 1) < 0 . (III.34)
In terms of the scale factor a we have
H2(a) = H20
[
Ω0 f(a) + Ωβ,0
a0
a
]
. (III.35)
As we emphasized already several times, in a realistic
cosmology one will have to introduce at least one more
perfect fluid, namely radiation. In that case the last
equations above are trivially generalized as follows
̺
̺cr
+
̺rad
̺cr
−
β c2
aH2
≡ Ω+ Ωrad +Ωβ = 1 , (III.36)
and in particular today Ω0 +Ωrad,0 +Ωβ,0 = 1,
H2(a) = H20
[
Ω0 f(a) + Ωrad,0
(a0
a
)4
+Ωβ,0
a0
a
]
,
(III.37)
and finally
β = a0H
2
0 c
−2 (Ω0 +Ωrad,0 − 1) < 0 . (III.38)
One may wonder why we do not append any suffix to
the first term, like we do with the radiation term. This
is because the first term will not behave like dust-like
matter, not even at r = 0 while the radiation component
does (by choice) at r = 0 with
we,rad(r, t) =
[
wrad +
β
4
(1 + wrad)ar
2
]
(III.39)
=
1
3
[
1 + βar2
]
. (III.40)
and
prad(r, t) = we,rad(r, t) ̺rad(t) . (III.41)
Like for any comoving perfect fluid, we,rad(r, t) is both
time and space-dependent and we have in particular
we,rad(r = 0) = wrad =
1
3
. (III.42)
The standard behaviour for radiation holds at r = 0.
As we have mentioned above, comoving observers do
not follow geodesics, the four-velocity of geodesic ob-
servers will have a non-vanishing radial component. For
this reason, the three-momentum |p˜| of a free particle will
not evolve like ∝ V/a. This can have important conse-
quences for the thermal history of our universe, e.g. the
distribution function of relics. Clearly all these effects
should remain rather small for an acceptable cosmology.
There is another very interesting point. For perfect
fluids with a barotropic equation of state of the type
p(r, t) = we(r, t) ̺(t), it is straightforward to compute
the corresponding velocity of sound cS . Specializing to
our model with k(t) = β a(t), the following result is ob-
tained
c2S(r, a) = w +
β
4
(1 + w)ar2 −
−
a
3(1 + w)
[
dw
da
+
d
da
(
β
4
(1 + w)ar2
)]
,(III.43)
where w is the equation of state parameter at r = 0. This
expression simplifies when w has no time dependence,
viz.
c2S(r, a) = w +
(
w +
2
3
)
β
4
ar2
= c2S(r = 0) +
(
c2S(r = 0) +
2
3
)
β
4
ar2 . (III.44)
For a perfect fluid behaving like radiation today at r = 0,
we obtain
c2S,rad(r, a) =
1
3
+
β
4
ar2 , (III.45)
and for a perfect fluid behaving like dustlike matter today
at r = 0, we get
c2S,m(r, a) =
β
6
ar2 . (III.46)
We see firstly that the velocity of sound, even for constant
w, develops both radial and time dependence. Secondly,
6for dust (w(r = 0) = 0), if the parameter β is nega-
tive, not only the pressure but also the velocity of sound
squared will become negative for ar2 6= 0. Such a situa-
tion is encountered already in standard cosmology for a
dark energy component with constant negative w. But
here we face this conceptual problem even for dust. The
departure from the standard velocity of sound resulting
from (III.46) must be addressed when considering the for-
mation of structure. Of course these problems could be
addressed in the same way as for dark energy clustering.
The departure coming from (III.45) and (III.46) could
further affect the CMB sound horizon and acoustic os-
cillations but we will show that this effect is extremely
small. Clearly all these effects may be acceptable for β
sufficiently small.
Finally, it is interesting to note that very generally
for any perfect fluid with constant w, the same standard
velocity of sound is obtained both at r = 0 and at the
time of the Big Bang a = 0.
It is seen from (III.44) that the departure ∆c2S from
the standard sound velocity for a barotropic perfect fluid
with constant w is proportional to (putting explicitly c
again)
∆c2S(r, a) ∝ βar
2c2
∝ −Ωβ,0
a
a0
H20 (a0r)
2 . (III.47)
As expected, the quantity H0a0r has unit of velocity and
can be conveniently estimated from
H0a0r = 100h
a0r
Mpc
km/s , (III.48)
with h ≡ H0/(100km/s/Mpc). A rough estimate of
(III.47) using (III.48) indicates that (III.47) does not be-
come too large in observational data.
Actually, this quantity can be accurately computed on
our past lightcone for given cosmological parameters. In-
deed, extending the results of [6, 17, 33] when we have a
component with a time dependent equation of state pa-
rameter w(r = 0) = w(a) and taking further into account
a radiation component, we have for a lightray reaching
us (r = 0) today
r(x) =
c
H0a0
I(x) (III.49)
where
x ≡ a/a0 , I(x) ≡
∫ 1
x
dx′√
Ω0f(x′)x′4 +Ωrad,0 +Ωβ,0x′3
.
(III.50)
The quantity 14βar
2 computed on our past lightcone is
shown as a function of x ≡ a/a0 on figure 1 and we see
that it has a minimal value of about 9% at z ∼ 4. As
expected it vanishes both at the Big Bang and today. It
is even very small in the primordial era of the universe
as well as at late times.
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FIG. 1. The quantity 1
4
βar2 computed on our past lightcone
is shown as a function of x ≡ a/a0. Up to a constant of order
one it gives the change in the equation of state parameter and
in the speed of sound for dust (w(r = 0) = 0) and radiation
(w(r = 0) = 1
3
). It also gives the relative change in the
redshift as a function of x. It vanishes both at the Big Bang
and today and and it is seen to have an extremum of about
9% at z ∼ 4. Here it is plotted for the particular set of
the cosmological parameters Ωβ,0 = 0.68 and w ≡ w(r =
0) = −0.08. At very small values of x . 10−3, we have
1
4
|β|ar2 . 10−3
A few words about the redshift in such universes will
be added in details in the next Section. We will show
that it is a modified function of x (see (IV.1)), viz.
1 + z = x−1
(
1 +
1
4
βar2(x)
)
(III.51)
= x−1 −
Ωβ,0
4
I2(x) , (III.52)
hence
1 + z(x)− a0
a
a0
a
=
1
4
β a r2(x) (III.53)
= −
Ωβ,0
4
x I2(x) (III.54)
So we have an elegant result that the quantity 14β a r
2
(times c2) gives the order of magnitude of the change
on our past lightcone in the velocity of sound, in the
equation of state parameter of comoving perfect fluids, in
the modification of the metric (through the function V )
compared to a flat Robertson-Walker metric, and finally
the relative change of the redshift z(x) as a function of
x. We can conclude from the discussion above that the
differences in the standard dependence of the redshift on
x remains rather small, though not negligible (see figure
1).
It is quite clear from the results of this section that this
inhomogeneous universe cannot serve as an alternative to
dark energy model. Actually, the crucial problem is that
β dependent term behaves like a perfect fluid with an
equation of state parameter equal to − 23 . This last prop-
erty is quite a general property of Models II as defined in
Ref.[6] which comes from the condition (k/a) = 0. It is
7worth emphasizing that Models I of this reference used
in Ref. [18] in general do not have such a property (cf.
their Eq. (6) which allows this property only if ∆ = 0).
Instead, they have in general a non-barotropic equation
of state which at the center of symmetry reduces to a
barotropic one which describes network of cosmic strings
with an equation of state parameter equal to − 13 [6]. In
order to comply with the data, the “matter” component
will be forced to behave very differently from standard
dust already at the background level. It is nevertheless
interesting to study how close to a viable universe this
universe can be. In that case we must obviously have
β < 0 and Ωβ,0 ∼ 1. The effects discussed in this sec-
tion are small enough at very high redshifts so that CMB
cosmological constraints can be “translated” in good ap-
proximation to our model in a self-consistent approach.
Doing this analysis will give us an opportunity to derive
the expressions for the redshift, the luminosity, and the
angular diameter distance in the Stephani models under
study. We emphasize that it is the radial dependence
of g00, specific to Stephani models, which affects sound
velocities, the redshift as well as cosmic distances.
IV. OBSERVATIONAL CONSTRAINTS
We should first consider the redshift – a crucial the-
oretical and observational quantity. We proceed as in
Friedmann cosmology, and consider an observer located
at r = r0 = 0 at coordinate time t = t0. The observer re-
ceives a light ray emitted by a comoving source at r = re
at coordinate time t = te and the redshift reads as [7, 36]
1 + z =
(uak
a)e
(uaka)o
=
V (te,re)
a(te)
V (t0,r0)
a(t0)
=
a(t0)
a(te)
V (te, re) ≡
a0
ae
Ve,
(IV.1)
where we have used
uak
a = −
1 + 14k(t)r
2
a(t)
= −
V
a
. (IV.2)
obtained from (II.5) and (II.7). At this stage we empha-
size the following very important point. When observa-
tional data are given in terms of redshift, what is meant
by redshift is the ratio between the observed wavelength
λ0 at time t0 (at r = 0) and the wavelength λe at emis-
sion time te for light emitted by a comoving source, i.e.
λ0/λe = 1 + z.
If we want to use the observational data, we have to
make sure that the redshift defined in (IV.1) retains this
physical meaning. While in standard cosmology we have
λ0/λe = a0/ae, in our model we have
λ0
λe
=
a0
ae
Ve , (IV.3)
which indeed corresponds to the expression for 1 + z de-
fined in (IV.1). We stress once more that this is true
for light emitted by comoving sources. And this brings
us to the following interesting question. While the co-
moving fluid is comoving due to a radial dependent pres-
sure, if matter clusters in the course of expansion it is not
clear that clustered objects remain comoving. As we have
mentioned in the Section III, a test particle following a
geodesic will not be comoving. This is clearly a very hard
problem to solve and is beyond the scope of this work.
We can only assume that the departure from a comoving
movement is small enough that we can use compact ob-
jects like SNIa as comoving objects and check that this
is self-consistent with the obtained best-fit models.
a) luminosity distance
The luminosity distance versus redshift relation reads
[17, 33]
dL = (1 + z)a0r , (IV.4)
and the distance modulus is
µ(z) = 5 log10 dL(z) + 25. (IV.5)
Interestingly, the angular diameter distance dA and the
luninosity distance dL are related to each other in our
Stephani universe (III.16) exactly like in Friedmann uni-
verse, viz.
dA =
ae
Ve
re = (1 + z)
−2dL . (IV.6)
Hence, the relation between both distances does not al-
low to discriminate between our model and the standard
FLRW model.
Using the definition of redshift (IV.1), and using
(III.49), one can write the redshift along null geodesics
as the function of x [17] as
z(x) =
1
x
−1−
Ωβ,0
4
[∫ 1
x
dx′√
Ω0f(x′)x′4 +Ωrad,0 +Ωβ,0x′3
]2
.
(IV.7)
Inverting this function numerically gives x(z). Hence,
the luminosity distance (IV.4) reads
dL(x) = c
2(1 + z(x))
H0
√
1/x− [1 + z(x)]
Ωβ,0
. (IV.8)
Combining equations (IV.7) and (IV.8), one can obtain
numerically the function dL(z) to be compared with ob-
servational data
dL(z) = c
2(1 + z)
H0
√
x−1(z)− (1 + z)
Ωβ,0
. (IV.9)
b) redshift drift
The SNIa data have a large degeneracy in the (w,Ω0)
plane which can be broken using cluster data. In our case
however, due to the non standard behaviour of “matter”,
8we prefer to use other data. In view of Fig. 1 which
shows maximal deviation around redshifts z ∼ 4, it is
interesting to use probes in this redshift range. Such
probes do not exist at the present time, though they are
expected in the future (see e.g. [38]). Here, we choose
to use the redshift drift and the corresponding expected
data. The idea of redshift drift test is to collect data
from the two light cones separated by 10-20 years to look
for the change in redshift of a source as a function of
time and it was first noticed by Sandage [13] and later
explored by Loeb [14].
Contemporary technique will allow to detect this tiny
effect using planned telescopes such as the European
Extremely Large Telescope (EELT) [39, 40], the Thirty
Meter Telescope (TMT), the Giant Magellan Telescope
(GMT) or even gravitational wave interferometers DE-
CIGO/BBO (DECi-hertz Interferometer Gravitational
Wave Observatory/Big Bang Observer) [41]. Theoret-
ically, the effect has already been investigated for the
matter-dominated model (CDM) [42], for the ΛCDM
model, for the Dvali-Gabadadze-Porrati (DGP) brane
model, for LTB models [43], for backreaction timescape
cosmology [44], for the axially symmetric Szekeres mod-
els [45], for the Stephani models in Paper 1 [21], and for
some specific dark energy models (see e.g. [46]).
For our Stephani model II, in which we are at the cen-
ter of symmetry, the redshift drift is given by (see (A.10)
from Appendix A with r0 = 0)
δz
δt
= −H0
(
H
H0
− (1 + z)
)
, (IV.10)
where (III.37) should be used in order to express H/H0.
We emphasize again that, as it was also assumed
when deriving the expression for luminosity distances,
the emitting sources are assumed to be comoving.
c) baryon acoustic oscillations
Baryon acoustic oscillations (BAO) provide us with a
standard ruler [47]. Baryon oscillations generated at the
time when baryons were tightly coupled to photons and
are found after decoupling in the matter power spectrum.
This gives a constraint on the universe evolution. At the
present time, BAO are measured at relatively small red-
shift. The constraint can be optimised with the quantity
known as volume distance
DV (z) =
[
(1 + z)2d2A(z)
cz
H(z)
] 1
3
(IV.11)
=
[
a20r
2(z)
cz
H(z)
] 1
3
. (IV.12)
where we have used (IV.6) and (IV.4) in order to arrive
at the last equality. Using (IV.7), this gives
DV (z) =
c
H0
[
4
Ωβ,0
z
x−1(z)− (1 + z)
h(x(z))
] 1
3
, (IV.13)
where h(x) ≡ H(x)/H0. The quantity DV is measured
for z = 0.106, 0.2, 0.35, 0.44, 0.6, 0.73 by the experiments
SDSS DR7 [48], WiggleZ [49], and 6dF GS [50]. The
measurement given by SDSS-3BOSS [51] is DA(0.57) =
1408± 45 Mpc and H(0.57) = 92.9± 7.8 km/s/Mpc.
d) shift parameter
The location of the Cosmic Microwave Background
(CMB) acoustic peaks depends on the physics beteen us
and the last scattering surface, so it provides a probe of
dark energy models. One quantity that can be used here
is the so-called shift parameter [52, 56]. It is defined as
R =
√
Ωm,0 H0 c
−1 (1 + zd) dA(zd) (IV.14)
=
√
Ωm,0 a0 H0 c
−1 rd , (IV.15)
where rd ≡ r(x(zd)) is the coordinate distance at de-
coupling and we have used (IV.6) and (IV.4) in order to
arrive at the second equality. Again, using (IV.7), we
obtain
R = 2
Ω0
Ωβ,0
(x−1d − (1 + zd))
1
2 . (IV.16)
¿From 7-year WMAP observations, the shift parameter
is approximated as [53]
R = 1.725± 0.018 (IV.17)
Though this quantity is very accurately measured, it al-
lows for large degeneracies which is broken here using
SNIa and redfshift drift constraints.
A. Numerical results
We used a Bayesian framework to confront our
Stephani model with the cosmological observations dis-
cussed in the previous sections. For each cosmological
probe we took the likelihood function to be Gaussian in
the form
p(data|Θ) ∝ exp(−
1
2
χ2), (IV.1)
where Θ denotes the parameters of the Stephani model
and “data” denotes generically the observed data for one
of the three cosmological probes. For the SNIa data χ2
takes the form
χ2SN =
N∑
i,j=1
(
C−1
)
ij
(µobs(zi)− µpred(zi))
× (µobs(zj)− µpred(zj)) , (IV.2)
where C is the covariance matrix, while µobs(zi) and
µpred(zi) are respectively the observed and the predicted
distance modulus of the ith Union2.1 SNIa [37]. For the
CMB shift parameter χ2 takes the form
χ2R =
(R− 1.725)2
0.0182
. (IV.3)
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FIG. 2. The redshift drift curve for the ΛCDM model
(grey curve) and the Stephani model with Ωβ,0 = 0.68 and
w ≡ we(r = 0) = −0.08 found from the intersection of the
confidence intervals for SNIa, redshift drift and BAO (red
curve) (see Fig.3). Also shown are the simulated redshift drift
data with their error bars from [55].
Using the data for BAO at z = 0.2 and 0.35 taken from
[54], the χ2 is given by:
χ2BAO = (vi − v
BAO
i )(C
−1)BAOij (vj − v
BAO
j ) (IV.4)
where
v =
{
rs(zdrag,Ωm,Ωb; Θ)
DV (0.2,Ωm; Θ)
,
rs(zdrag,Ωm,Ωb; Θ)
DV (0.35,Ωm; Θ)
}
(IV.5)
vBAO = (0.1905, 0.1097) (IV.6)
and
C−1 =
(
30124 −17227
−17227 86977
)
, (IV.7)
is the inverse of the covariance matrix. In the formula
above we have also used the formula for the size of the
comoving sound horizon at the baryon dragging epoch rs
proposed in [57]:
rs(zdrag) = 153.5
(
Ωbh
2
0.02273
)−0.134(
Ωmh
2
0.1326
)−0.255
,
(IV.8)
with the parameters Ωbh
2 and Ωmh
2 being the physical
baryon and dark matter density of the ΛCDM model,
respectively.
For the redshift drift, we use the simulated data set
presented in [55] (see the blue error bars in Fig.2). This
data set is assumed to be centered on the ΛCDM redshift
drift curve with normally distributed errors.
With this simulated data set χ2 takes the form:
χ2RD =
5∑
i=1
(∆zobs(zi)−∆ztheo(zi))
2
σ2i
, (IV.9)
where ∆zobs(zi) and ∆ztheo(zi) are the “observed” and
the predicted value of the drift at redshift zi and σi is the
FIG. 3. Confidence intervals for the SNIa, redshift drift, BAO
and shift parameter. The contours denote roughly 68%, 95%
and 99% credible regions. Here a constant equation of state
parameter w ≡ we(r = 0) ≡ w1 is assumed at the center of
symmetry r = 0. The confidence regions from low redshifts
data do not overlap with the confidence region of the shift
parameter. An additional problem is that the departure from
a standard dust behaviour w = 0 is significant.
estimated error of the “observed” value of the redshift
drift at zi, respectively.
In Fig.2 we present confidence intervals (three con-
tours, denoting roughly 68%, 95% and 99% confidence
regions) for each observable.
It is evident from Fig. 3 that our Stephani model fits
well the data for the SNIa, redshift drift and BAO since
the related contours overlap with each other with their
1σ CL regions. However the departure of dust from a
standard behavior would render this model unviable. In
addition, it cannot comply at the same time to the CMB
shift constraint. An interesting way of overcoming the
latter problem is to replace the constant barotropic index
(EoS parameter) w with a function w(a). Because we
do not want to change the contours obtained for SNIa,
BAO, and the redshift drift, we take w(a) constant on the
redshift interval from today up to z = 5. Further, at some
value of the redshift between z = 5 and the decoupling
zdec, we assume that the function w(a) suddenly changes
its value and then remains constant up to zdec.
An example of such function w(a) fulfilling the above
requirements is the following (see Fig.4):
w(a) = w1 +
w2
2
[1 + tanh[λ(atr − a)]] . (IV.10)
where w1, w2, λ, and atr are constants.
As expected, the Stephani model with the barotropic
index (IV.10) with λ = 40, atr = 0.08 and w1 =
−0.08, w2 = 0.4 agrees with SNIa and BAO data and
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FIG. 4. The time dependent equation of state parameter
w(r = 0) = w(a) (see eq.(IV.10)) plotted for the particular
set of parameters: λ = 40, atr = 0.08, w2 = 0.4, w1 = −0.08
and Ωβ,0 = 0.68. Here, the transition occurs for a ∼ 0.08
which corresponds to the redshift z ∼ 10.49.
FIG. 5. Confidence intervals for the SNIa, redshift drift, BAO
and shift parameter for the Stephani model with the scale fac-
tor dependent barotropic index w(r = 0) = w(a), eq.(IV.10),
where the parameters λ = 40, atr = 0.08,w2 = 0.4 are fixed.
Again the contours denote roughly 68%, 95% and 99% confi-
dence regions.
the shift parameter, while it recovers essentially the red-
shift drift in a ΛCDM model (see Figs.2, 5). Of course,
this represents a significant departure from the standard
dust behaviour (w1 = 0).
V. RESULTS AND CONCLUSIONS
In this paper we have discussed the Stephani models of
pressure-gradient spherical shells which are complemen-
tary to the varying energy density spherical shells of the
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FIG. 6. The speeds of sound c2S(r = 0, a) (blue dashed curve)
and c2S(r, a) (black curve) are shown which corresponds to
the barotropic index w(r = 0) = w(a), eq.(IV.10) shown on
Figure 4. While c2S(r = 0, a) differs from w(a) in the region
where w(a) changes rapidly, c2S(r, a) includes also the effect
of the pressure gradient away from the origin.
Lemaˆıtre-Tolman-Bondi models. In our Stephani mod-
els there is also a spherical symmetry and in the sim-
plest version considered here we are assumed to be at
the center of symmetry r = 0. A crucial difference be-
tween both spherically symmetric inhomogeneous mod-
els is the dependence on the radial coordinate r of g00
in Stephani models. Comoving observers are no longer
following geodesics, and this is basically why a comoving
perfect fluid requires a radially dependent pressure in or-
der to counteract the movement in the radial direction.
As we have seen, this implies that the real (“effective”)
physical pressure depends on both time t or the scale fac-
tor a as well as on the radial coordinate r. As another
general property of these models, we have seen that even
if the EoS parameter (barotropic index) w (defined at
r = 0) is constant, the (adiabatic) speed of sound will
depend on both r and a. In particular, dust (w = 0)
would acquire a negative speed of sound and a negative
equation of state parameter we away from the origin in
an accelerating universe. The relative change of the red-
shift as a function of the (generalized) scale factor a will
have a similar behaviour. While we have shown that all
these effects remain relatively small, though non negligi-
ble at redshifts z ∼ 4, on our past lightcone in a universe
mimicking the cosmic history of our universe, it is never-
theless an interesting physical property.
It is worth emphasizing the difference in the sets of
models we have studied and those studied in Ref.[18].
Our models presented in Section III and dubbed Models
II in Ref.[7] further specified in Refs.[17, 33] are two-
component models with one fluid having an arbitrary
barotropic equation of state at the center of symmetry
and an inhomogeneity playing another fluid with an equa-
tion of state of a domain wall type p = −(2/3)̺. The
point is that no explicit form of the scale factor is as-
sumed, but there is a condition (k/a) = 0 which restricts
the form of it only slightly. On the other hand, Models
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I of Ref.[7] used in Ref.[18] in general do not have such
a property because for these models (k/a) = −∆(a˙/a2)
and this reduces to Models II studied in Ref.[7] if ∆ = 0.
Besides, these models have the scale factor assumed ex-
plicitly at the expense of having a non-barotropic equa-
tion of state which only at the center of symmetry re-
duces to a barotropic one, but with a specific form as for
the network of cosmic strings with an equation of state
p = − 13̺. Because of a general choice of ∆ in Ref.[18], the
Models I studied there seem to allow more freedom of the
parameters which presumably lead to a larger inhomo-
geneity secured by generalized EGS theorem [20] telling
us about the admittance of isotropic radiation field to
every fundamental observer in the universe.
We have also seen that our best fit model requires the
barotropic index w to depend on the generalized scale
factor a and to be in the interval −0.08 . w(a) . 0.3,
presumably ruling out this model. Indeed, the inte-
grated Sachs-Wolfe effect constraints severely any de-
viations from the standard dust behavior. We expect
that the formation of structure would also be strongly
affected.
Another interesting issue concerns compact objects
formed through gravitational collapse. While the back-
ground perfect fluid is comoving due to its pressure gradi-
ent, it is an interesting question whether compact objects
that form out of the perfect fluids perturbations will re-
main essentially comoving and for how long. A detailed
study of all these problems including the growth of per-
turbations can probably not be addressed analytically
and is beyond the scope of this work.
Of course, this model can always yield an observation-
ally acceptable universe if all standard components, in-
cluding some more standard dark energy component are
present and additionally if we take a parameter β small
enough. In that case β can be negative as well as posi-
tive. This would be the most natural (though minimal)
use of such models if observations would point out to
some slight inhomogeneity of our universe with a resid-
ual spherical symmetry around us. However, as far as we
are aware, currently the similar status is given to LTB
models - they also require standard dark energy com-
ponent in the form of Λ−term and the inhomogeneity
should really be small [59].
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Appendix A: Redshift-drift formula for a general
spherically symmetric Stephani model
We remind following Ref. [21] that the light emitted
by the source at two different times te and te + δte will
be observed at to and to + δto related by∫ to
te
dt
a(t)
=
∫ to+δto
te+δte
dt
a(t)
. (A.1)
For small δte and δto we have
δte
a(te)
=
δto
a(to)
. (A.2)
Bearing in mind (IV.1), the redshift drift has a general
definition [13, 14]
δz =
(uak
a)(re, te + δte)
(uaka)(r0, t0 + δt0)
−
(uak
a)(re, te)
(uaka)(r0, t0)
, (A.3)
and this can be calculated to first order using the expan-
sions (for higher order expansion see Ref. [58])
(uak
a)o = (uak
a)(r0, t0) +
∂ [(uak
a)(r0, t0)]
∂t
δt0,(A.4)
(uak
a)e = (uak
a)(re, te) +
∂ [(uak
a)(re, te)]
∂t
δte .(A.5)
¿From (IV.2) we have
∂
∂t
(uak
a) = −
(
1
a
)

−
1
4
(
k
a
)

r2 . (A.6)
Applying (A.4), (A.5), and (A.2) we obtain
δz
δt0
=
[(
1
a
)

− 14
(
k
a
)

r2
]
e[
1 + 14kr
2
]
e
a(te) (A.7)
−
[(
1
a
)

+ 14
(
k
a
)

r2
]
o[
1 + 14kr
2
]
o
a(t0)(1 + z) (A.8)
¿From (A.7) for the Models I given by (II.9) we have
δz
δt0
=
a(te)
(
γ + 14αr
2
e
)
− a(t0)(1 + z)
(
γ + 14αr
2
0
)
1 + 14
αt0+σ
γt0+δ
,
(A.9)
while for the Models II given by (III.16) we obtain
δz
δt0
= −
H0
1 + 14k(t0)r
2
0
[
He
H0
− (1 + z)
]
, (A.10)
where He ≡ H(te) = a˙(te)/a(te).
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